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Abstract. The problem of ranking, in which the goal is to learn a real-valued
ranking function that induces a ranking or ordering over an instance space, has
recently gained attention in machine learning. We define a model of learnability
for ranking functions in a particular setting of the ranking problem known as the
bipartite ranking problem, and derive a number of results in this model. Our first
main result provides a sufficient condition for the learnability of a class of ranking
functionsF: we show thatF is learnable if its bipartite rank-shatter coefficients,
which measure the richness of a ranking function class in the same way as do the
standard VC-dimension related shatter coefficients (growth function) for classes
of classification functions, do not grow too quickly. Our second main result gives
a necessary condition for learnability: we define a new combinatorial parameter
for a class of ranking functiong that we term the rank dimension &, and

show thatF is learnable only if its rank dimension is finite. Finally, we investigate
questions of the computational complexity of learning ranking functions.

1 Introduction

Two decades ago, Valiant [1] proposed a theory of learnability for binary classification
functions defined on Boolean domains. His learning model (known now as the Proba-
bly Approximately Correct (PAC) learning model), and several variants and extensions
thereof, have since been studied extensively, and have led to a rich set of theoretical
results on classes of functions that can and cannot be learned, on algorithms that can
be used to solve the learning problem, and on the computational complexity of learning
various function classes. In particular, we now have a strong theoretical understand-
ing of the learning problem for both classification (learning of binary-valued functions)
and regression (learning of real-valued functions), two of the most well-studied prob-
lems in machine learning. Recently, a new learning problem, namely thhahking

has gained attention in the machine learning community [2-5]. In ranking, one learns a
real-valued function that assigns scores to instances, but the scores themselves do not
matter; instead, what is important is the relative ranking of instances induced by those
scores. This problem is distinct from both classification and regression, and it is natural
to ask whether a similar theoretical understanding can be developed for this problem.
This paper constitutes a first step in that direction.



1.1 Previous Results

In the binary classification problem, the learner is given a finite sequence of labeled
training examples = ((x1,y1),---, (Tm,ym)), Where thex; are instances in some
instance spac& and they; are labelsirt” = {—1, 1}, and the goal is to learn a binary-
valued functiom, : X —Y that predicts accurately labels of future instances. In the PAC
model, a learning algorithm for a clags of binary classification functions oX is a
functionL : | J,>_, (X x Y)™—H with the following property: given any, § € (0, 1),
there is an integem = m(e, §) such that for any distributio® on X and any target
functiont € H, given a random training sampte= ((x1,t(x1)), ..., (Xm, t(zm))) Of
sizem in which thez; are drawn i.i.d. according t®, with probability at least — ¢
the classification function = L(z) output by L has prediction erroP,.p{h(z) #
t(z)} < e. The smallest such integei(e, ) is called the sample complexity @. A
classH is said to be learnable if there is a learning algorithmor

In a classic paper, Blumer et al. [6] showed that the PAC learnability of a class of
binary classification function®{ is characterized by a single combinatorial parameter
of H, namely its Vapnik-Chervonenkis (VC) dimension, in the sensefihiatiearnable
if and only if its VC dimension is finite. This characterization comprised two distinct
results. The first made use of a uniform convergence result based on the work of Vapnik
and Chervonenkis [7] to show the existence of a learning algorithfi fwhose sample
complexity could be upper bounded via the shatter coefficients (growth function) of
‘H, which in turn could be upper bounded in terms of the VC dimensiof#pthis
established that finiteness of the VC dimension is sufficient for learnability. The second
result made use of the probabilistic method to show that the sample complexity of any
learning algorithm fofH is lower bounded by a linear function of the VC dimension of
'H; this established that finiteness of the VC dimension is also necessary for learnability.

The PAC model assumes the existence of an underlying ‘target function’; this as-
sumption was removed in a generalization of the PAC model studied in [6, 8, 9], often
referred to as the ‘agnostic’ model. In this general model, examples are generated ac-
cording to an arbitrary joint distributioP over X x {—1, 1}, and a learning algorithm
is required to output with high probability a hypothesis= H with prediction error
P, ~pih(z) # y} close to the best possible within the cldgslt has been shown
that the VC dimension characterizes learnability also in this general model. Questions
of the computational complexity of learning have been investigated for a large number
of function classes in both models, leading to efficient algorithms in some cases and
hardness results in others. For many common function classes, learning in the general
model is hard, but polynomial-time algorithms exist for learning in the PAC model.

The regression problem is similar to the classification problem, except that the labels
y; in this case come frol™ = R orY = [a, b] for someq,b € R, and the goal is to
learn areal-valued functiofi: X —Y that approximates well labels of future instances.
An analogous theory of learnability has been developed for this problem, starting with
the work of Haussler [8] in which it was shown that finiteness of the pseudo-dimension
of a class of (bounded) real-valued functighss sufficient for learnability ofF in the
general learning model. As in the case of classification, this result made use of a uniform
convergence result of [10] to show the existence of a learning algorithifr fehose
sample complexity could be upper bounded via the covering numbefs which in



turn could be upper bounded in terms of the pseudo-dimensigh bliowever, a lower
bound on the sample complexity remained elusive. Later, Kearns and Schapire [11]
introduced a new measure of the richness of a real-valued function class known now as
the fat-shattering dimension. It was then shown [11-13] that the sample complexity of
any learning algorithm for a real-valued function cl&Sss lower bounded by a linear
function of the fat-shattering dimension &f, and that the covering numbers Bfcan

also be upper bounded in terms of this dimension, thus establishing a characterization of
learnability for real-valued functions in terms of the fat-shattering dimension. Questions
of the computational complexity of learning have also been investigated for classes of
real-valued functions, leading again to efficient algorithms in some cases and hardness
results in others.

1.2 Our Results

In the bipartite ranking problem [5, 14], described in detail in Section 2, the learner is
given a sequence of ‘positive’ training examples = (z1, ..., x}) and a sequence

of ‘negative’ training examples™ = (z7,...,z; ), thez; andz; being instances in
some instance spacé, and the goal is to learn a real-valued ranking funcfionX —R

that ranks future positive instances higher than negative deeghat assigns higher
values to positive instances than to negative ones. We define a model of learnability for
ranking functions in the setting of the bipartite ranking problem, and derive a number
of results in this model. Our first main result provides a sufficient condition for the
learnability of a class of ranking functiots we show thatF is learnable if its bipartite
rank-shatter coefficients [14], which measure the richness of a ranking function class in
the same way as do the standard VC-dimension related shatter coefficients for classes
of classification functions, do not grow too quickly. As in the case of classification and
regression, the proof of this result makes use of a uniform convergence result of [14]
to show the existence of a learning algorithm Jomwhose sample complexity can be
upper bounded via the bipartite rank-shatter coefficients.cbur second main result
gives a necessary condition for learnability: we define a new combinatorial parameter
for a class of ranking functiong that we term the rank dimension &f, and show
that F is learnable only if its rank dimension is finite. As in the case of classification,
the proof of this result makes use of the probabilistic method to show that the sample
complexity of any learning algorithm foF is lower bounded by a linear function of the
rank dimension ofF. We use the above two results to give examples of both learnable
and non-learnable classes of ranking functions. Finally, we investigate questions of the
computational complexity of learning ranking functions. As in classification, we find
that for some common ranking function classes, learning in a general ‘agnostic’ model
is hard, but efficient algorithms can be found for learning in a PAC-type model.

1.3 Organization

We describe the bipartite ranking problem in greater detail in Section 2, and formulate
our model of learnability for ranking functions in the setting of this problem in Sec-
tion 3. A sufficient condition for learnability in this model is derived in Section 4, and a
necessary condition in Section 5. We consider the computational complexity of learning
ranking functions in Section 6.



2 The Bipartite Ranking Problem

In the bipartite ranking problem [5, 14], the learner is given a training sataplez )
consisting of a sequence of ‘positive’ training examples = (xf, ...,z}t) and a
sequence of ‘negative’ training examples = (z7,...,z;), thex; and z; being
instances in some instance spateand the goal is to learn a real- valued ranking func-
tion f : X —R that ranks future positive instances higher than negative apeghat
assigns higher values to positive instances than to negative ones. Such problems arise,
for example, in information retrieval, where one is interested in retrieving documents
from some database that are ‘relevant’ to a given topic. In this case, the training exam-
ples given to the learner consist of documents labeled as relevant (positive) or irrelevant
(negative), and the goal is to produce a list of documents that contains relevant docu-
ments at the top and irrelevant ones at the bottom; in other words, one wants a ranking
of the documents such that relevant documents are ranked higher than irrelevant ones.
We assume that positive instances are drawn randomly and independently accord-
ing to some (unknown) distributio®, on X, and that negative instances are drawn
randomly and independently according to some (unknown) distrib@iomn X . The
quality of a ranking functiory : X —R is then measured by itxpected ranking error
with respect tdD. andD_, denoted byRp, p_(f) and defined as follows:

1
Rp, p_(f) =Estap, o-~p_ {I{f(w+)<f(w*)} + §I{f(x+)=f(w*)}} G

wherelI;., denotes the indicator variable whose value is one if its argument is true
and zero otherwise. The expected ranking efer, p_(f) is the probability that a
positive instance drawn randomly accordindXq is ranked lower byf than a negative
instance drawn randomly accordingfo_, assuming that ties are broken uniformly at
random. A related quantity is trempirical ranking errorof f with respect to a sample
(zt,z7) € X™ x X", denoted byR,,+ - (f) and defined as follows:

R 1 m n 1
Rpv (N =—3>3 {I{f<xr><f<w;>} + §I{f<xr>:f(x;>}} SN
=1 j=1

This is simply the fraction of positive-negative pairs(ifi™, ™) that are ranked incor-
rectly by f, assuming again that ties are broken uniformly at random.

Although the bipartite ranking problem shares similarities with the binary classifica-
tion problem, it should be noted that the two problems are in fact distinct. In particular,
it is possible for binary functions obtained by thresholding different real-valued func-
tions to have the same classification errors, while the ranking errors of the real-valued
functions differ significantly. For a detailed discussion of this distinction, see [15, 14]

3 Learnability

Since the goal of learning is to find a ranking function that ranks accurately future
instances, we would like a learning algorithm to find a ranking function with minimal

mhe performance of a ranking function is measured in terms of the area under the
ROC curve (AUC); this quantity is simply equal to one minus the empirical ranking error.



expected ranking error. More specifically, if a learning algorithm selects a ranking func-
tion from a class of ranking function&, we would like it to output a ranking function

[ € F with expected erroRRp, p_(f) close to the best possible within the claSs

i.e, close to

Rp, p (F) = glrelg Rp, p_(9)- 3)

We formalize this idea below, following closely the notation and terminology of An-
thony and Bartlett [16]. In what follow<) denotes the set of rationals aldhe set of
positive integers.

Definition 1 (Learnability). Let F be a class of real-valued ranking functions &n
Alearning algorithmi_ for F is a functionL : (|,,_, X™) x (U,—; X™) — F with
the following property: given any € (0,1) N Q and anye,§ € (0,1), there is an
integerM = M(e, d, p) such thatm = pM € N,n = (1 — p)M € N, and for any
distributionsD,D_ on X,

Pysppa-npe { Rp, o (L@, 27)) = Rp_ p (F) > e} <4

The smallest such intege¥ (¢, 6, p) is called thesample complexityof L, denoted
My (e, 6, p). We say thatF is learnablef there is a learning algorithm fof-.

Notice the introduction of the additional parameten the above definition, which
was not required in classification. This parameter represents the ‘positive slew’,
the proportion of positive examples. Its role will become clear in subsequent sections.

As in [16], our main model above corresponds to a general ‘agnostic’ model in
which no assumption is made on the distributi@hs andD_; we refer to this as the
standardmodel. We can also define a PAC-type model in which the distributians
andD_ are restricted to correspond to an underlying target function; following [16],
we refer to this as theestrictedmodel.

Definition 2 (Learnability in restricted model). Let F be a class of real-valued rank-
ing functions onX. A learning algorithmL for F in the restricted model is a func-
tion L : (U _; X™) x (Us—; X™) — F with the following property: given any
p € (0,1)NQ and anye,§ € (0,1), there is an integeM = M (e, d, p) such that
m=pM € N,n = (1—p)M € N, and for any distribution®_, D_ on X for which
there is a target function € 7 such thatRp, p_(t) = 0,

PyNDT,gNDj{RD+,D,(L(£+,£_)) > 6} <§é.

The smallest such intege¥l (¢, 6, p) is called thesample complexityof L, denoted
My (e, 6, p). We say thatF is learnablein the restricted model if there is a learning
algorithm for F in this model.

Clearly, if a class of ranking function$ is learnable, theif is learnable in the
restricted model. Note that learnability &f in the restricted model is equivalent to
learnability of the class of classification functiohs = {h : X—{—1,1} | h(z) =
0(f(z) + 7) for somef € F,7 € R}, where(u) = 1 for u > 0 andf(u) = —1 for
u < 0, in the restricted (PAC) model for classification. However, this equivalence does
not hold in the standard (agnostic) model.



4 Upper Bound on Sample Complexity

In this section we show that any algorithm that minimizes the empirical ranking error
over a class of ranking functiorss is a learning algorithm fof if the bipartite rank-
shatter coefficients [14] of do not grow too quickly, and obtain an upper bound on
the sample complexity of such an algorithm.

Definition 3 (Bipartite rank matrix [14]). Letf : X—R be a ranking function oiX,
letm,n € N,and letx = (z1,...,2,) € X™, 2’ = (2], ...,2),) € X" Thebipartite

rank matrixof f with respect tar, 2/, denoted by3,(z, z'), is defined to be the matrix
in {0,1/2,1}™*™ whose(i, j)-th element is given by

1
[Br(@,2)];; = Lsossany + 3lis@o=r@))
forallie {1,...,m},j€{1,...,n}.

Definition 4 (Bipartite rank-shatter coefficient [14]). Let F be a class of real-valued
functions onX, and letm, n € N. The(m, n)-th bipartite rank-shatter coefficieat F,
denoted by (F, m,n), is defined as follows:
— /
r(Fmn) = max o [{Br(z,2)[feFH.
Definition 5 (Empirical error minimization (EEM) algorithm). LetF be a class of
ranking functions onX. Define anempirical error minimization (EEM) algorithrfor
F to be any functior. : (U,>_, X™) x (U,_; X") — F with the property that for
anym,n € Nand any(z™,z7) € X™ x X",
R@*,g* (L(§+7£_)) = Eneig R@*,g* (9)-
Theorem 1. Let F be a class of ranking functions oXi, and letZ be any EEM algo-
rithm for F. If there exist constants, > 0, ¢ > 0 such thatr(F, m,n) < ¢;(mn)*2
for all m,n € N, thenL is a learning algorithm fotF with sample complexity

My(e,,p) < [/)(164@62 <402 In (166) teln (eQP(i%pQ +In (4§CI>>L7

where[u], denotes the smallest integkf greater than or equal ta for whichpM €
N.

The proof of this result makes use of the following uniform convergence result for
the ranking error given in [14]

Theorem 2 ([14]).LetF be a class of ranking functions ox, and letm,n € N. Then
for any distributionsD, D_ on X and for anye > 0,

Pyinpp e ~pn{ S0P [Res o (f) = Bo,o (f)| = €f
fer
<4.-r(F,2m,2n)- g=mne’/8(mtn)

2 The uniform convergence result in [14] is given for the area under the ROC curve (AUC); as
mentioned previously, this quantity is simply equal to one minus the empirical ranking error.



Proof (of Theorem 1)It can be shown using standard techniques [16] that for any
m,n € N,any(z™,z7) € X™ x X™ and any distribution®_,D_ on X,

Ro.p-(L&,27) = R, o (F) <2 sup |Rev o (/) — Ro..o ()]
€

Now, suppose there exist constaats> 0, c; > 0 such that(F, m,n) < ¢;(mn)
forallm,n € N. Letp € (0,1) UQ ande, § € (0,1), and letD, D_ be any distribu-
tions onX. For anyM € N forwhichm = pM € N,n = (1—p)M € N, we then have

Py oy e o {Fo.p (L™ 27) = Rp, p (F) = ¢f (4)
< P£+~DT,£‘~DE{ sup ‘Rg"',g_ (f)—Rp, p_ (f)‘ > 6/2}
N
< 4-7(F,2pM,2(1 — p)M) - e=P(=PIME/32 by Theorem 2)
<4-ci(4p(1 — p)M*)e2 . e~ P1—p)Me?/32
Therefore, to make the probability in Eq. (4) smaller thait is sufficient if

32 4¢y
M>———(2ccIn M In(4p(1 — In .
_p(lp)@(cw T o In(4p(1 - p)) + (5))
Sincelnu < au — Ina — 1 forall a,u > 0, we have
— 2 _ 2
64co A < 64co p(l—p)e Y —1n p(l—plet\ 1
p(1—p)e? p(1 — p)e? 128¢, 128¢,
- % 6402 12862
T2 e p)e?
Using this and simplifying terms, we get that
64 16 4
M2<4621n( >+021n< >+ <01>)
p(1—p)e

suffices to make the probability in Eq. (4) smaller thﬁaﬁ'he result then follows from
the definition of sample complexity (Definition 1). ad

Notice that the upper bound on the sample complexity in ranking for dgive)
grows larger as the positive skewdeparts froml /2, i.e., as the balance between pos-
itive and negative examples becomes more uneven. Similar observations regarding the
role of the skewp in ranking have been made in different contexts in [15, 14]. Theo-
rem 1 can be used to show learnability of any class of ranking functions whose bipartite
rank-shatter coefficients can be bounded appropriately; we give some examples below.

Example 1 (Finite function classed)et F be a finite class of ranking functions on
some instance spacé. Thenr(F, m,n) < |F| for all m,n € N. Thus we have from
Theorem 1 thafF is learnable; in particular, taking = ||, c2 = 0, we have that any
EEM algorithmL for F is a learning algorithm fof with sample complexity/

Mi(eb.p) < [p(lmp)e2 8 (4|;>L'

%1t is in fact possible to obtain a slightly tighter upper bound in this case using a different
uniform convergence result of [14] for finite function classes.




Example 2 (Linear ranking functiond)et 7,4y be the class of linear ranking func-
tions onRR?. Then it can be shown [14] that( Fiin(ay, m,n) < (2emn/d)¢ for all
m,n € N. Thus we have from Theorem 1 th&g, 4 is learnable; in particular, taking
c1 = (2¢/d)?, c; = d, we have that any EEM algorithrh for Fiin(a) is @ learning
algorithm for 7y, 4y With sample complexity

i () 2 5) o ()]

Example 3 (Polynomial ranking functionget ¢ € N, and letF,qyq,q) be the class of
polynomial ranking functions oR“ with degree less than or equal¢oThen it can be
shown [14] that (Fpoy(a.q), ™. n) < (2emn/C(d, q))¢4? for all m,n € N, where

LA\ < (-1
cwn = 2 (0% 05)
i=1 j=1
Thus we have from Theorem 1 th&}y 4, IS learnable; in particular, taking =

(2¢/C(d, @))%, ¢; = C(d, q), we have that any EEM algorithth for Fpy(a,q) is
a learning algorithm fofF oy 4,4 With sample complexity

)% 2 (s (19) et (2240 o (4))]

5 Lower Bound on Sample Complexity

In this section we define a new combinatorial parameter for a class of ranking functions
F that we term the rank dimension &%, and show that the sample complexity of any
learning algorithm forF is lower bounded by a linear function of its rank dimension.

Definition 6 (Rank-shattering). Let F be a class of real-valued functions dn, let

r €N, and letS = {(wy,w}),..., (w.,w.)} be a set of pairs of instances itX . For
eachi € {1,...,r},b € {0,1}", define
b+ (o |be:]. b— _ w; |fb1:].
Wi —{wg ifo,=0 " Y T \w ifb=0"

We say thafF rank-shatters if for eachb € {0, 1}", there is a ranking functiotf, € F
suchthatforalli, j € {1,...,r}, fo(wT) > fo(w?").

?

Definition 7 (Rank dimension).Let F be a class of real-valued functions o De-
fine therank dimensiorof 7, denoted byank-dim(F), to be the largest positive integer
r for which there exists a set ofpairs of instances itX that is rank-shattered by .

Theorem 3. Let F be a class of ranking functions aXi with rank-dim(F) = r. Then
for any functionZ : (Up,_; X™) x (U,—; X") — F, anym,n € N such that
m + n > 2r, and anye > 0, there exist distribution®, ., D_ on X such that

E£+~DT7£*~D’1 {RD+,D7 (L(f‘,g_)) - R%+,D, (]:)}

2 2
> L T (1 o \/1 _ e—(2m/(m+n,)+1)) (1 _ \/1 _ e—(2n,/(m+n)+1)) .
— 210V m+n




Proof (sketch).The proof makes use of ideas similar to those used to prove lower
bounds in the case of classification; specifically, a finite set of distributions is con-
structed, and it is shown, using the probabilistic method, that for any funttidwere
exist distributions in this set for which the above lower bound holds.

LetS = {(wy,w)),..., (w., w.)} be aset of pairs of instances iX that is rank-
shattered byF. We construct a family o2" pairs of distributions{ (D4, D) : b €
{0,1}"} on X as follows. For each € {0,1}", define

I+a)/2r ifb =1 (A =w)/2r ifh =1

Doy (wi) {(1 —a)/2r ifb;=0 D (ws) = { (1+a)/2r ifb;=0

, (1—a)/2r ifb;=1 , 14+a)/2r ifb=1

Doy (w) = {(1 +a)/2r ifb=0 Do (w) = { (1—a)/2r ifb =0
Dp+(x) =0 forx # w;, w} Dp_(z) =0 forx # w;, w)

Herea is a constant ir{0, 1) whose value will be determined later. Using the notation
of Definition 6, it can be verified that for any: X —R,

11—« I 1
Roy o ()= (57 ) + 520 {I{f(wf+)<f<w§)} + 21{f<w?+>=f<w§>}} '

i=1 j=1

SincesS is rank-shattered by, for eachb € {0,1}" there is a functiorf, € F such
thatforalli,j € {1,...,7}, fy(w]") > f,(w?"). From the above equation this gives
1l-«

R ()= (57).

Therefore, for anyf € F, we have

T T

* a 1
Rp,. p, (f)— RDb+,Db_ (F) = 2 Z Z {I{f(wf+)<f(w;?)} + QI{f(wfﬂ_f(w;%)}} :

i=1 j=1

Now, letL : (U;_, X™) x (Us2, X™) — F be any function, and for any =
(zt,z7) € X™ x X", denote byf, the ranking function.(z*,2~) € F output by
L. Then we have for any € {0,1}",

Byt onp o~y { Row v () = By, p, (F)

bt

O e — 1
) ZZE1+~DEM-~D£L {I{fz(ltif+)<fx(1tf?)} + QI{fw(’wi)Jr):fz(w?)}} :
i=1j=1

We use the probabilistic method to show that the above quantity is greater than the
stated lower bound for at least one pair of distributi@hs., D,_. In particular, we

show that ifb € {0,1}" is chosen uniformly at random, then the expected value of
the above quantity is greater than the stated lower bound; this implies that there is at
least onéh € {0,1}" for which the bound holds. The techniques we use are similar to
those used in the case of classification (see, for example, [16, Chapter 5]); the details
are considerably more involved and are omitted for lack of space (see [17] for complete



details). Denoting the uniform distribution ové€d, 1}" by U/, what we get is that for
anya > 0,

Epnte{Betwppy o ~pp {Rove 0 (fe) = Ry, (F)}}

2 2
> S (1= VT = @t =ah ) (1= /1 = em@n/rnat /=) )

Settinga? = r/(m + n) and assuming: + n > 2r then gives

EbNM{EfND;'; = ~Dp {RDH,DM (fz) = Bp,, b, (7)}}

1 r 2 2
> 1— 1— —(2m/(m+n)+1)> (1 _ 1 — e—(2n/(m+n)+1) .
=210\ m + n( Vi-e Vi-e ) U

Corollary 1. LetF be a class of ranking functions o% with rank-dim(¥) = r, and
let L be any learning algorithm fofF. ThenL has sample complexity

4 4
s (1= Vi@ (1 Vi e i)

T
>__ -
= 220(c +0)

Proof. Letp € (0,1) UQ ande, é € (0,1). Let M = M (¢, d,p), and letm = pM,
n = (1 — p)M. Then for all distribution®,,D_ on X,

P§+NDT7§—~DQ{RD+,D, (L(zt,27)) — R%+7D7 (F) > e} <94.

Using the fact that an, 1]-valued random variablg satisfied£{Z} < P{Z > €} +¢
for all e € (0, 1), we thus get that for all distributior®,, D_ on X,

By pp e non {Ro, o (L(e*,27)) = Rp, p_(F)} < e+4.

Theorem 3 then implies that

1 r 2 2
I 7(1_ 1_6—(2p+1>) (1—\/1—6—(2(1—9)“))

200\ M

Solving for M gives the desired result. ad

ML(€7 67 p)

As in the case of the upper bound, the lower bound on sample complexity grows
larger as the proportion of positive exampledeparts froml /2.

Corollary 2. Let F be a class of ranking functions oK. If F is learnable, then
rank-dim(F) is finite.

Proof. This follows directly from Corollary 1. O

Example 4.Let F be the class of all ranking functions: R—R onR. Then clearly,
F rank-shatters arbitrarily large sets of pairs of instance®.imhe rank dimension of
F is therefore infinite, and hence by Corollary2js not learnable.

Remark 1.We note that since the distributions constructed in the proof of Theorem 3
do not correspond to a target function, the lower bound on sample complexity and
the necessary condition for learnability derived above do not apply to learning in the
restricted model of Definition 2.



6 Computational Complexity

So far, we have viewed a learning algorithm as simply a function that maps training
samples to ranking functions, and have focused only on the sample complexity of this
function. However, in order to be of practical use, this function must alsoobe-
putable i.e.,, the learning algorithm must truly be aigorithm that takes as input a
training sample and returns as output a ranking function. Moreover, the learning algo-
rithm must be computationally efficient.

In order to study the computational complexity of learning algorithms for ranking,
we need to consider learning at a somewhat broader level than we have done above.
In particular, a learning algorithm is usually defined for sets of ranking functions over
domains of arbitrary dimensioe.g, a learning algorithm for the class of linear ranking
functions oveiR? for anyd), and it is then of interest to study how the computational
complexity of the algorithm grows with the dimension. As in [16, 6], we formalize
this by defining learning algorithms fagradedfunction classes. For eache N, let
X, be a subset oR?, and letF,; be a set of ranking functions ok . We refer to
the unionF = |JF,; as agradedclass of ranking functions. A learning algorithm
for F is then a functionl : |JZ, ((Um—; X7*) x (Us—; X)) — F such that if
(zt,27) € X' x X7, thenL(zt,z~) € F,, and for eachy, L is a learning algorithm
for F; (in the sense of Definition 1). Assuming that learning algorithms are computable
functions, we can now ask how the computational complexity of a learning algorithm
L for a graded class of ranking functio#s= | J F, grows withd.

Definition 8 (Efficient learnability). Let 7 = |JF, be a graded class of ranking
functions and lef. be a learning algorithm forF. We say that is efficientif

(i) the worst-case time complexify,(m, n,d) of L on sample$z™,27) € X" x X}
is polynomiat in m, n andd, and

(i) the sample complexity/y, (e, d, p, d) of L on Fy is polynomial inl /e, 1/5,1/p(1—
p) andd (up to an[-], operation).

We sayF is efficiently learnabléf there is an efficient learning algorithm foF.

Efficient learnability in the restricted model can be defined in a similar manner. The
sufficient and necessary conditions for learnability established in Sections 4 and 5 can
be extended to efficient learnability as follows.

Definition 9 (Efficient EEM algorithm). LetF = | J F, be a graded class of ranking
functions. Arefficient EEM algorithnfor F is an algorithm that takes as input a sample
(z,27) € X7'x X7, and in time polynomial imx, n andd, returns a ranking function

f € FasuchthatR,+ , (f) = minger, Ry o (9).

Theorem 4. Let ¥ = |JF,; be a graded class of ranking functions, and suppose
that there exist functions; : N—R™, ¢ : N—R* U {0} such thatr(F4,m,n) <
c1(d)(mn)e(@ for all d,m,n € N, and such that,(d) is polynomial ind. Then any
efficient EEM algorithm forF is an efficient learning algorithm faf.

4 n the logarithmic cost model of computation [18], the time complexity is also allowed to
depend polynomially on the number of bits required to represent the input.



Proof. Suppose thak is an efficient EEM algorithm fof~. Then
(i) by Theorem 1L is a learning algorithm fof,; for eachd and therefore a learning

algorithm for 7,

(i) by Definition 9, the time complexity,(m, n, d) of L on F; is polynomial inm,
n andd, and

(iii) by Theorem 1, the sample complexifM, (e, 6, p, d) of L on F, is polynomial in
1/€,1/6,1/p(1 — p) andd (up to an[-], operation).

Thus, L is an efficient learning algorithm faF. a

Theorem 5. Let F = |J F; be a graded class of ranking functions. If there is an effi-
cient learning algorithm fotF, thenrank-dim(F,) is polynomial ind.

Proof. This follows directly from Definition 8 and Corollary 1. a

Next we define the following decision problem associated with a graded ranking
function classF = |J F4. As in the case of classification [16], it can be shown that if
this problem is NP-hard, then, assuming RMNP, F is not efficiently learnable. The
proof is similar to that for classification; we omit the details.

F-FIT
Instance: (z*,27) € X' x X and an integek € {1,...,mn}.
Question: Is theref € F, such that?,+ , (f) < k/mn?

Theorem 6. Let F be a graded class of ranking functions. If there is an efficient learn-
ing algorithm forF, then there is a polynomial-time randomized algorithm foiIT,
i.e., F-AITisinRP.

We now have the formal tools necessary to study the computational complexity of
learning ranking functions. Below we use these tools to investigate the computational
complexity of learning for the commonly used classes of linear and polynomial ranking
functions. Our first result is a hardness result for linear ranking functions.

Theorem 7. Let Fiin = U Fiin(a), WhereFin(q) is the class of linear ranking functions
onR?. If RP# NP, thenFj, is not efficiently learnable.

Proof. We show thatF;,-FIT is NP-hard; the result then follows by Theorem 6. To
show thatF,-FIT is NP-hard, we give a reduction from an NP-hard classification
problem toFij,-FIT. For eachd € N, let Hjnq) = {h : R?¥—={-1,0,1} | h(x) =
sign(Zf:lwlxl + 0) for somew € R?,6 € R} . Given a functionh € Hjnqy and a

samplez = ((x1,%1),- -+, (Xm,¥m)) € (R? x {—1,1})™, define theempirical error
of h with respect toz, denoted byér, (h), as follows:

R 1 1

er.(h)=—>_ {I{h<xi>¢0}1{h(x,,>¢yi} + §I{h<xi):0}} :

=1
Let Hiin = U Hiin(q), @and define the following decision problem associated ih

Hiin-FIT

Instance: z = ((x1,%1),---, Xm,ym)) € (RY x {~1,1})™ and an integek’ <
{1,...,m}.

Question:Is thereh € Hjin(q) Such thagr, (h) < k'/m?



Using exactly the same construction as that used to show the NP-hardness of a similar
decision problem relating to linear threshold functions for binary classification [16],
it can be shown that the problefd;,-FIT defined above is NP-hard. We give now a
reduction fronfHj, -FIT to Fjin-FIT.

Letz = ((x1,%1),---, (Xm,¥m)) € (R x {=1,1})™, k' € {1,...,m} be an
instance ofH,-FIT. We construct fromg, &’ an instancgzt,z~) € (R¥1)™ x

(RHY) k€ {1,...,m} of F,-AIT as follows. For eachi € {1,...,m}, define
Ij_ = (Xi,l) € R4+ jf v = 1, andl‘j_ = (7Xi,*1) S R4t jf Y, = —1. De-
finex] =0 € R Leta® = (2f,...,2}), 2~ = (x7), andk = k’. We claim that

there existsh € Hjin(qy With €r,(h) < k'/m if and only if there existy’ € Fiin(a+1)
with Ry+ .- (f) < k/m.

First, suppose there exists € Hiin(q) With €r,(h) < E'/m, given byh(x) =
sign>X, wyz; + 0) for somew € R0 € R. Definef : R —R as f(x) =
Zlewla:l + Oxqy4q for all x € R Then clearly,f € Fjin(at1), and it can be
verified thatR,+ ,- (f) = ér,(h) < k'/m = k/m. Conversely, suppose there exists
f € Fin(arny With Rys o (f) < k/m, given by f(x) = S wyay + 6 for some
w € R¥t1 9 e R. Defineh : R4—{—1,0,1} ash(x) = sign>> ", wiz; + way1) for
allx € R?, Then clearlyh € Hiin(ay, @and it can be verified that, (h) = R£+ = () <

k/m =k /m.
Since the time required to construct the instaqce, z~), k from z, &’ is polyno-
mial in the size ok, &/, we conclude thafj,-FIT is NP-hard. a

Our next result shows thak;, is efficiently learnable in the restricted learning
model. We first specialize Definition 9 and Theorem 4 to the restricted model case.

Definition 10 (Efficient consistent-hypothesis-finder)Let 7 = | J 7,4 be a graded
class of ranking functions. Aefficient consistent-hypothesis-findr F is an algo-
rithm L such that, given any sample™,z~) € X" x X for which there exists a
target functiont € Fy satisfyinng,y (t) = 0, L halts in time polynomial inm, n
andd and returns a ranking functiofi € F, such that,+ , (f) = 0.

Theorem 8. Let F = |JF4 be a graded class of ranking functions, and suppose
that there exist functions; : N—R™, ¢5 : N—>R* U {0} such thatr(Fy,m,n) <
c1(d)(mn)e(@ for all d,m,n € N, and such that,(d) is polynomial ind. Then any
efficient consistent-hypothesis-finder fBris an efficient learning algorithm faf# in

the restricted model.

Theorem 9. The class of linear ranking functiori§in = |J Fiin(q) is efficiently learn-
able in the restricted model.

Proof (sketch)As discussed in Example 2 (Section #)Fjin(qy, m,n) < (2emn/d)?

for all d,m,n € N. Therefore, by Theorem 8, it suffices to show the existence of an
efficient consistent-hypothesis-finder tf,. This can be done by formulating a linear
program such that, given a training samgle”, =) € (RY)™ x (R4)" for which
there exists a target functianc Fiin(q) satisfyingRy,y (t) = 0, the solution of the
linear program gives a ranking functighe Fj, 4y such thatk,+ , (f) = 0 (see [17]



for details). Solving the linear program using a polynomial-time linear programming
algorithm such as Karmarkar’s [19] then constitutes an efficient consistent-hypothesis-
finder for Fi,. a

Remark 2.We note that since the polynomial time bound for linear programming algo-
rithms such as Karmarkar’s holds only in the logarithmic cost model of computation,
the above proof establishes efficient learnabilitym@f in the restricted learning model
only under this model of computation.

Remark 3.In the above proof, we could also have used a linear program that finds a
classification functiom € Hjin(qy of the formh(x) = sign(zfl:1 wiz; + 0) such
thatLs(h) = 0, whereS = ((z7,1),..., (z;,1), (7, —1),..., (x;,—1)), and then
takenf to be the linear functiorf(x) = Zle wyxy.

Finally, we show that learning linear ranking functions over Boolean domains is
hard even in the restricted model.

Theorem 10. Let 7y, = U Fi, ), WhereF, , is the class of linear ranking functions
on {0, 1}4. If RP# NP, thenF, is not efficiently learnable in the restricted model.

n
Proof (sketch)Let, if possible, 7, be efficiently learnable in the restricted model.
Then there is an efficient randomized consistent-hypothesis-finder 7, (see [16,
17]). Clearly,A can be used to construct an efficient randomized consistent-hypothesis-
finder forH{,, = U Hﬁn(d), Whereri’n(d) is the class of Boolean threshold functions on

{0, 1}4. This, in turn, implies the existence of an efficient learning algorithnifyin
the restricted (PAC) model (see [16]). Since the problem of learning Boolean threshold
functions in the PAC model is known to be NP-hard [20], this impliessRRP. Thus,
if RP # NP, thenZ}, is not efficiently learnable in the restricted model. O

The techniques used above can be used also to establish that foeaNythe class
Fooyq) = U Fpoly(d,q)» WhereFpya,q) is the class of polynomial ranking functions
on R? with degree at mosy, is not efficiently learnable in the standard model, but is
efficiently learnable in the restricted model, and that the <5, = U 7,

oly(d,q)’
where]—‘é’oly(m) is the class of polynomial ranking functions ¢@, 1}¢ with degree at

mostyg, is not efficiently learnable even in the restricted model.

7 Conclusion and Open Questions

Our goal in this paper has been to initiate a formal study of learnability for ranking
functions. There are several questions to be answered. First, is there a single quantity
that characterizes learnability of a class of ranking functions, analogous to the VC di-
mension for classification and the fat-shattering dimension for regression? For example,
based on our results, an upper bound of the fo(tR, m, n) = O((mn)"ank-dimz))

on the bipartite rank-shatter coefficients would establish the rank dimension as such a
quantity. Second, can the rank dimension be related to previous quantities (such as the
VC-dimension or pseudo-dimension), or is it a fundamentally new quantity? So far, we
have not been able to find a relation to earlier dimensions. Third, for what other classes
of ranking functions can efficient learning algorithms or hardness results be shown?
Finally, for what other settings of the ranking problem can learnability be studied?
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